The dynamics of a system of hard spheres enclosed between two parallel plates separated a distance smaller than two particle diameters is described at the level of kinetic theory. The interest focuses on the behavior of the quasi-two-dimensional fluid seen when looking at the system from above or below. In the first part, a collisional model for the effective two-dimensional dynamics is analyzed. Although it is able to describe quite well the homogeneous evolution observed in the experiments, it is shown that it fails to predict the existence of non-equilibrium phase transitions, and in particular, the bimodal regime exhibited by the real system. A critical revision analysis of the model is presented , and as a starting point to get a more accurate description, the Boltzmann equation for the quasi-two-dimensional gas has been derived. In the elastic case, the solutions of the equation verify an H-theorem implying a monotonic tendency to a non-uniform steady state. As an example of application of the kinetic equation, here the evolution equations for the vertical and horizontal temperatures of the system are derived in the homogeneous approximation, and the results compared with molecular dynamics simulation results.
Introduction
In the last years, a particular geometry has attracted interest in the study of confined systems. It is a quasi-two-dimensional system of spherical particles placed between two large parallel plates separated by a distance h smaller than two particle diameters. In the experiments, due to the inelasticity of collisions between macroscopic particles, a permanent injection of energy is needed to reach a steady state. This is done by vibrating the two parallel walls confining the system [1] [2] [3] [4] . A scheme of the set-up is provided in Figure 1 . When the dynamics of the projection of the grains' motion on the horizontal plane is considered, it looks like a two-dimensional fluid. Experiments show that the system obtained in this way remains homogeneous over a wide range of values of the parameters controlling the experiment. On the other hand, when increasing the average density and/or decreasing the intensity of the vibration, a series of non-equilibrium phase transitions show up [3] [4] [5] [6] . Several models have been proposed in the literature trying to describe the rich observed phenomenology. The general idea is to formulate an effective two-dimensional dynamics that must include the mechanism of energy injection to compensate for the inelastic dissipation. An interesting phenomenological macroscopic approach has been presented in [7] , focussed on explaining the existence of a bimodal regime characterized by a single dense cluster surrounded by a gas of quite agitated particles that is present in some experiments. The description incorporates both a temperature parameter in the horizontal plane and another temperature associated with the vertical motion. At a mesoscopic level, a stochastic approach has been introduced. The energy injection is described by means of an external noise term acting on the particles [8] [9] [10] . Although this model predicts the existence of a steady state, its relation with real experiments has not been established. Moreover, it does not conserve momentum. Notice that although the experiments are of course carried out with macroscopic inelastic particles, the theoretical analysis can always be particularized for molecular elastic fluids by considering the elastic limit. Although a model formulated for granular gases will be critically summarized and reviewed in the first part of the paper, in the second part, a Boltzmann kinetic equation for a quasi-two-dimensional gas composed of elastic hard spheres will be introduced. The main goal of the review of the granular model is to show that in order to describe what is observed in the experiments, one must go to a quite detailed description of the dynamics of the system. In addition, it also shows the way to proceed from the kinetic equation in order to get evolution equations describing the macroscopic dynamics of the system. Figure 1 . Sketch of the quasi-two-dimensional system described in the main text. The two parallel walls are vibrating, and the interest is on the dynamics observed when looking from above or below.
A Collisional Model for the Effective Two-Dimensional Dynamics
An approach to the real system closer to a mechanical description has been recently proposed [11, 12] . The key point is to realize that the kinetic energy acquired by the particles by colliding with the vibrating walls is transferred to the horizontal degrees of freedom through the collisions between particles. Then, it is proposed to modify the usual two-dimensional collision rule for inelastic disks in order to incorporate a description of the energy transfer. The effective dynamics of the two-dimensional system is described by considering N inelastic hard disks of diameter σ moving on a surface S, such that when two of them with velocities v 1 and v 2 collide, their velocities are instantaneously changed to new values v 1 and v 2 given by
Here α is the coefficient of normal restitution defined in the interval 0 < α ≤ 1, v 12 ≡ v 1 − v 2 , and σ is the unit vector in the direction of the centers of the two particles at contact. Finally, ∆ is a positive characteristic speed. The presence of ∆ is the only modification of the collision rule to account for kinetic energy transference from the vertical degree of freedom to the horizontal ones, so that by putting ∆ = 0, the usual collision rule for smooth inelastic hard disks is recovered [13] . The variation of kinetic energy in a collision is
where m is the mass of the particles. It is seen that energy can be gained or lost in a collision, depending on the relative velocity and the collision angle. The methods of non-equilibrium statistical mechanics developed for inelastic hard spheres and disks have been extended to the above collision rule [14] . In the low density limit, the dynamics of the system can be described by an inelastic Boltzmann kinetic equation. From it, an evolution equation for the granular temperature T H (t) of a homogeneous system-defined through the average kinetic energy [15] -can be derived. The granular temperature does not have the properties of the usual thermodynamical temperature, but still it is a useful quantity to describe the macroscopic state of the granular system. The evolution equation has the form
The rate of change of that granular temperature has the expression
with n H = N/S being the number density of disks and v 0H (t) ≡ (2T H /m) 1/2 a thermal velocity.
In order to derive this expression, the velocity distribution of the gas has been approximated by a Gaussian, which is quite accurate for not-very-inelastic particles. An expression incorporating some effects of the non-Gaussianity of the velocity distribution can be found in [14] , and in a more compact form in the Appendix of Reference [16] . Equation (4) predicts the existence of a homogeneous steady state with a temperature
Molecular dynamics (MD) simulations of the original three-dimensional system have been performed, and the state of the projected two-dimensional gas considered. By fitting the measured steady temperature to the above expression, the value of ∆ in the model description has been determined [17] . Then, the obtained value is used into Equation (3) to compare with the simulation data for the relaxation of the temperature towards its steady value. This provides a test of the accuracy of the collisional model to describe the macroscopic two-dimensional dynamics of the system, at least in homogeneous situations. The results are shown in Figure 2 . One of the plots corresponds to a system that initially is at a temperature larger than the stationary value, while in the other plot, an initial temperature below the stationary one is used. A quite good agreement between theory and simulation is found over all the relaxation of the temperature. 
Hydrodynamic Equations
To formulate a macroscopic theory of transport, an extension of the Chapman-Enskog method has been applied to the Boltzmann equation, to derive Navier-Stokes hydrodynamic equations in the low density limit. The ideas of the method are the same as for ordinary granular gases [18] . The obtained hydrodynamic equations for the number density n(r, t), velocity flow u(r, t), and granular temperature T(r, t) read [19] 
where P(r, t) is the pressure tensor, J q (r, t) is the heat flux, and ζ(r, t) is the local rate of variation of the temperature. They have the form
In the above expressions, η is the shear viscosity, κ is the (thermal) heat conductivity, µ is a new transport coefficient peculiar to granular gases called diffusive heat conductivity, and ζ 1 is another peculiar transport coefficient giving a Euler contribution to the hydrodynamic equations. All these coefficients depend on the temperature, and also on the coefficient of normal restitution α and the characteristic speed ∆. Their expressions can be found in [19] , and in a more concise way in the Appendix of [16] . They are given by the normal solutions-in the kinetic theory sense-of first-order partial differential equations. In Figures 3 and 4 , dimensionless forms of the transport coefficients are plotted as a function of the dimensionless speed parameter
for α = 0.85. The value of the transport coefficients in the homogeneous steady state are indicated. The reduced coefficients are defined as
where
and
are the shear viscosity and the (thermal) heat conductivity, respectively, of a molecular gas of inelastic hard disks described by the Boltzmann equation, with the Boltzmann constant set equal to unity. Notice the non-monotonic behavior of ζ 1 contrary to the other three transport coefficients, which are monotonic functions of the characteristic speed. Moreover, the change in sign of µ, which indicates a change in the direction of the energy flux generated by a density gradient, although it can look rather surprising, does not violate any fundamental symmetry property of the system or of the dynamical laws. 
Stability Analysis
One of the peculiarities of the model being considered is that-contrary to what happens with molecular fluids-it has a homogeneous hydrodynamics [20] defined by the macroscopic equations
To investigate the stability of the hydrodynamic homogeneous states and see whether the model is able to predict any hydrodynamic instability, in agreement with what is observed in the experiments, the Navier-Stokes Equations (6)- (8) have been linearized around the homogeneous hydrodynamic trajectory. The coefficients of the resulting linear equations have a non-trivial time dependence through ∆ * . This implies that both the eigenvalues and eigenfunctions of the dimensionless problem are time dependent, and the linear stability analysis is more involved than for smooth inelastic hard disks in the homogeneous cooling state [18] . An exception is the equation for the transversal component ω k⊥ of the scaled velocity field (shear mode), ω ≡ u/v 0H (t), that is decoupled from the rest of equations and can be integrated directly, yielding [16] 
In the above expression, a dimensionless time scale s defined as
is used. Moreover, the tilde indicates that a Fourier representation k is being employed, as usual. From Equation (16) it follows that λ ⊥ < 0 for heating situations, in which the cooling rate is negative (the shear viscosity coefficient is always positive). Therefore, the scaled shear model is linearly estable for those processes in which the system heats towards the steady state. On the other hand, when the system is cooling
The value of k ⊥ (s) changes in time. In the long time limit it goes to zero, since the cooling rate tends to zero while the shear viscosity remains finite and positive. The behavior of the other hydrodynamic fields cannot be analyzed analytically, but the linearized equations can be solved numerically. When the initial temperature of the system is smaller than its stationary value such that the temperature of the system increases monotonically in time, it is found [16] that the fields oscillate in time with a decaying amplitude (i.e., the system is linearly stable). On the other hand, when the temperature of the system is larger than the steady value, and the initial value of k ⊥ is larger than the wavenumber of the perturbation, the transversal component of the scaled velocity field initially grows in time, as predicted by Equation (16) . Additionally, the amplitudes of the perturbations of the other field increase initially. Nevertheless, in the long time limit, all the perturbations decay to zero. This behavior is illustrated in Figure 5 for a system with α = 0.8 and an initial value of the scaled speed ∆ * 0 = 10 −3 . The initial value of k ⊥ is 0.91, and the value of the wavenumber used is k = 0.2. The point now is whether the amplitude of the perturbations grows enough during the initial period so as to render the linear approximation inaccurate, therefore being necessary to consider the complete nonlinear hydrodynamic equations. To address this point, we have carried out MD simulations of hard disks in a square of size L, using periodic boundary conditions. This imposes a minimum wave vector k min . The spontaneous fluctuations occurring in the system were analyzed. The physical picture emerging from the analysis is [16] that the fluctuations of the traversal component of the velocity field with an amplitude that increases in time actually happen in the system. Their effect can manifest itself in the formation of clusters of particles. However, nonlinear couplings of hydrodynamic modes force the fluctuations to decay for large times, and the clusters to disappear if they were present. The conclusion is that all the homogenous hydrodynamic states of the collisional model-including the steady state-are stable, and consequently, it fails to explain the observed non-equilibrium phase transitions. In spite of this, we consider this model a relevant first step towards the understanding of the dynamics of confined granular gases starting from a description in terms of particles and using kinetic theory or non-equilibrium statistical mechanics, although some relevant ingredients are clearly missed in the model. In Figure 6 , an example of the spatial configuration exhibited by the system as a consequence of a large spontaneous fluctuation of the transversal component of the velocity is shown. A large cluster of particles is clearly identified. It could be thought that it is the precursor of a bimodal regime, similar to the one observed in experiments. Nevertheless, the cluster disappears for larger times, and the system again becomes homogeneous in the stationary state. Notice that in order to explain the formation of the cluster and its posterior dilution, nonlinear hydrodynamic effects must be considered. 
Back to the Origins: Boltzmann-Enskog Kinetic Equation
The previous analysis shows that in order to progress, it is necessary to differentiate between confinement effects and inelasticity effects, aside from other possible relevant features. In a seminal paper, Schdmit and Löwen [21] derived several equilibrium properties of a system of hard spheres confined between two parallel plates separated by a distance between one and two particle diameters. The properties were particularly simple and exact in the low density limit. The natural question is whether we can formulate the dynamics of the system with the same degree of accuracy, at least in the low density limit. More precisely, is it possible to write down a "modified" Boltzmann equation for this special quasi-two-dimensional confinement? If this is the case, we have a solid starting point to investigate hydrodynamics and stability in confined systems, since there are several well-established procedures to derive hydrodynamics from a kinetic equation.
By using a slight modification of the standard way of deriving the usual (bulk) Boltzmann and Enskog kinetic equations [22] , it has been shown that the one particle distribution function f (r, v, t) of the confined system of hard spheres in the low density limit satisfies the equation [23] 
where the collision term J is given by
Here, g ≡ v 1 − v, and θ is the Heaviside step function. Upon deriving the above equation, it has been assumed that no external force is acting on the system. Moreover, the walls confining the system are considered to be hard and at fixed positions. In this case, their effect can be described by means of boundary conditions to the kinetic equation [24] . Let us mention that, in principle, Equation (20) can be generalized for an arbitrary separation of the two parallel plates, although the mathematical description becomes much more involved. Define
It is then proven [23] that in a system with elastic walls, H(t) is bounded from below, and that ∂ t H(t) ≤ 0, the equal sign holding only if
where ϕ MB (v) is the Maxwellian velocity distribution,
The equilibrium density profile n(z) is
Here, erfi(x) is the imaginary error function defined as
Equation (27) agrees with the low density limit of the expression given by Schmidt and Löwen [21] . Its accuracy has been checked by comparing it with MD simulation results. An example is provided in Figure 7 . A quite good agreement is observed, especially taking into account the thinness of the system. The fact that the function H(t) decreases monotonically in time for any solution of the kinetic equation suggests to define a time-dependent entropy for arbitrary states of the confined quasi-two-dimensional gas as
The steady value of S as defined above agrees-aside from an additive constant-with the result obtained by means of equilibrium statistical mechanics (e.g., ensemble theory or density functional theory) [21] . This is a non-trivial extension to an inhomogeneous confined system of the H theorem verified by the Boltzmann equation. 
Homogeneous Approximation: The Evolution of the Temperature
It can be wondered how relevant the vertical inhomogeneity of the system is at a quantitative level. Here this will be investigated in the context of describing the relaxation of the temperature towards its equilibrium value. Then, we will restrict ourselves to the consideration of homogeneous (approximated) solutions of the kinetic Equation (20) . Moreover, another simplification is introduced by assuming that the target particle is always located at z = h/2. Thus, the equation being considered is
with the homogeneous collision term being
Notice that the effect of the confinement is still kept through the limitation in the angle between g and σ, which is a function of the variable z 1 , fixing the height of the incident particle at contact. The aim here is to derive evolution equations for the vertical and horizontal temperatures, T z and T xy , respectively, defined as
The (scalar) temperature of the system is T = (T z + 2T xy )/3. Moreover, the distribution function will be approximated by a Maxwellian with two different temperature parameters; namely, T xy and T z ,
where we have introduced the two thermal velocities
Then, by taking the appropriate velocity moments in Equation (32), after some algebra it is obtained that ∂T xy ∂t
In the above expressions,
is the maximum possible angle of σ with the horizontal plane. To put the above results in a proper context, it is worth emphasizing that the starting kinetic equation does not admit homogeneous solutions, and consequently, the derived evolution equations for the two temperature parameters must be understood as first-order approximations. As expected, the equations show that the evolutions of the vertical and horizontal temperatures are coupled. Energy conservation requires that T z (t) + 2T xy (t) be constant along the evolution of the system. Another point to underline is the nonlinear character of the equations.
To investigate the accuracy of Equations (39) and (40), their numerical solutions have been compared with MD simulations results. An example is provided in Figure 8 that corresponds to a system with density n 0 = 0.06σ −3 and initial temperatures T z (0) = 3T xy (0). The separation of the two plates is h = 1.5σ. Notice that at all times it is T z (t) + 2T xy (t) = 3T(0). It is observed that the theory reproduces the qualitative behaviour of the two temperature parameters well, although the predicted decay is definitely slower that the one shown by the simulation data, indicating that a more elaborated analysis of the kinetic equation is required to get a quantitative description of the evolution of the system. Of course, in the long time limit, both temperatures tend to the same value, as required by the discussion of the equilibrium state of the system in the previous section and the H theorem.
The kinetic Equation (20) can be easily extended for inelastic hard spheres. The only modification to be done is the collision rule. Additionally, balance equations for the macroscopic fields density, velocity, and temperature can be derived. These equations involve formal expressions for the fluxes and the cooling rate. To close these equations leading to hydrodynamic equations, methods recently developed for granular gases [25, 26] seem easy to adopt for the present case. Once the Navier-Stokes equations are known, the stability issue can be addressed. Work along these lines is in progress. (39) and (40). Moreover, the two upper lines correspond to the vertical temperature, and the two lower lines to the horizontal temperature.
